Taub's plane- symmetric vacuum 
spacetime revisited 

M. L. Bedran*'^, M. O. Calvao**, I. Damiao Soares^ 

^3 : and F. M. Paiva^ 

< 

m ■ February 3, 2008 



Abstract 



> 
00 

in 
o 

. The gravitational properties of the only static plane-symmetric vac- 

I uum solution of Einstein's field equations without cosmological term 

(Taub's solution, for brevity) are presented: some already known prop- 
^ erties (geodesies, weak field limit and pertainment to the Schwarzschild 

qh| family of spacetimes) are reviewed in a physically much more transpar- 

ent way, as well as new results about its asymptotic structure, possible 
bJ!)' matchings and nature of the source are furnished. The main results 

point to the fact that the solution must be interpreted as representing 
<^ \ the exterior gravitational field due to a negative mass distribution, 

^ • confirming previous statements to that effect in the literature. Some 



analogies to Kasner's spatially homogeneous cosmological model are 
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1 Introduction 



The main aim of this paper is to provide a detailed interpretative investiga- 
tion of the vacuum plane-symmetric spacetimes of general relativity. Some 
generic motivating reasons may be adduced for that. 

Firstly, the presence of so-called topological defects (monopoles, cosmic 
strings, domain walls and textures), arising from cosmological phase transi- 
tions (symmetry breaking), have become quite fashionable in the study of the 
very early universe, particularly as concerns their deep consequences for large- 
scale structure formation and cosmic background radiation anisotropics [|l|- 
[0]. All these objects have peculiar gravitational properties; generic walls or 
shells (and also textures, to that effect), however, seem to have a slightly 
more acceptable (mathematical) behavior in the sense that, contrarily to 
one- or two-dimensional trapped regions, their spacetimes can be described 
by curvature tensors well defined as mathematical distributions 0. 

Secondly, the Casimir effect associated with the vacuum bounded by two 
infinite parallel plates, when treated in a fully consistent way, should take 
into account the proper gravitational field of the plates [Q. In this setting, 
it turns out to be an issue for quantum field theory in curved spacetime. 

Thirdly, when trying to formalize, in a more precise way, the equivalence 
between inertial and gravitational effects, the problem of what the general 
relativistic model of a spatially homogeneous gravitational field is has to be 
faced. Its resolution, from a naive Newtonian point of view, suggests again 
the paying attention to the vacuum plane-symmetric solutions of Einstein's 
field equations. Of course, the determination of the Newtonian gravitational 
field outside a static, infinite, uniformly dense planar slab is a trivial exercise; 
however, as we shall see, the general relativistic situation is not so plain. 

The paper is organized as follows. In Sec. 0, we expose the properties 
of Taub's plane-symmetric vacuum model: isometrics, singularity, kinemat- 
ics of the observers adapted to the symmetries, timelike and null geodesies 
(including geodesic deviation for timelike ones). These aspects have already 
been dealt with in the literature 0-0; however, not only for the sake of 
completeness and fixing conventions, but also for further clarification and 
generalization do we delve again into them. In Sec. ^ we study the asymp- 
totic structure as well as the Newtonian limit. In Sec. ^, we prove that Taub's 
global solution is the limit of the mirror-symmetric matching of two Taub 
domains, to the "left" and "right" of a negative mass planar shell. In Sec. |], 
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we discuss the main implications of our results and present a conclusion. 
We also provide an Appendix where the plane-symmetric vacuum solutions 
are shown, via Cartan's invariant technique, to be parametric limits of a 
generalized Schwarzschild family of spacetimes. 

The signature of the metric, except for Sec. |, is —2; also c = SuG = 1. 



2 Plane-symmetric vacuum models 
2.1 Metrics 

Einstein's vacuum field equations, without cosmological term, for a plane- 
symmetric geometry, will be satisfied by only three distinct single (without 
any essential constants of integration) solutions [|1^]: Taub's static metric, 
Kasner's spatially homogeneous, and Minkowski metric. 

• taub's geometry (t): 

dsfT) = -^dt^ - z^l^ [dx^ + dy^^ - dz^ , (2.1) 
= ^dt^ - (dx^ + dy^) - rdr^, (2.2) 



r 

with coordinate ranges 

n , J f < z < +00, or ,^ 

— CX3 < r, X, -u < +00, U < r < +CX3 and < „ : (2.6) 

' '^ ' I -oo < z <0 ' ^ ^ 

kasner's geometry (k): 

dsfj,-^ = de-t'"^(dx' + dy'')-^dz\ (2.4) 

= tdt^ - (dx^ + dy'^) - jdr'^, (2.5) 

with coordinate ranges 



, ( < t < +00, or ,^ „, 

— oo < x,y, z,r < +00 and < , ^ ; (2.o) 

'^' ' I -oo < t < ' ^ ^ 

The similarity of Taub's and Kasner's geometries to Rindler's and Milne's 
universes, respectively, is to be noticed. 
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2.2 Singularities and isometries 



The coordinate ranges for Taub's and Kasner's models given above are those 
where the solutions are regular. As a matter of fact, the only nonvanish- 
ing Carminati-McLenaghan algebraic invariants [PT[] for Taub's and Kasner's 
solutions are: 

" ^ 256 



and 



h(T) 



h{K) 



64 
27^4' 

64 
" 27t4' 



'2(r) 



256 
243^6 ' 



(2.7) 



(2.8) 



where h := R'^^^Rap^s and h := /2„^^"i?^/^/?Ap"^. 

As concerns Taub's solution, we call attention to the following properties: 
(i) it is curved ; (ii) it is not only plane-symmetric, but also static] (iii) it has 
a timelike singularity at 2; = (r = 0); (iv) its algebraic invariants vanish 
when z,r ^ +00 (suggesting it is asymptotically flat at spatial infinity in 
the z direction; cf. Sec. |^). Kasner's solution presents the "dual" properties: 
(i) it is also curved ; (ii) it is not only plane-symmetric, but also spatially 
homogeneous (beware: it is not stationary!); (iii) it has a spacelike singularity 
at t = 0; (iv) its algebraic invariants vanish when t +00. 



2.3 Kinematics of adapted observers 

The motion of the observers adapted to those coordinate systems (m" = 
= ^0 / \/9oo) is covariantly characterized by the kinematic quantities ||l^: ac- 
celeration a", expansion B, shear cr"'^ and vorticity cu"^ . For the models 
under consideration, we have only the following nonvanishing quantities 

«(T) = -^3-, (2.9) 



e 



a^fS^K) = diag (o, -^t^/^ -if^^ ft" 



5/3 



(2.10) 



We see that the adapted observers of Taub's, Eq. (|2.1| ), solutions constitute 



a rigid nonrotating accelerated frame, whereas those of Kasner's, Eq. 
solutions constitute a deforming nonrotating geodesic frame. The results 
for Taub's observers are obvious since they are manifestly static (i.e., their 
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four-velocities are proportional to irrotational timelike Killing vector fields 
of the respective geometries), so that they remain at rest with respect to one 
another and with respect to the singularity too. This is a consequence of the 
physically more intuitive fact that the proper time, as measured by a static 
observer, for a photon to travel to and back from a second static observer is 
independent of the emission event. Half this proper time defines the so-called 
radar distance between the two observers, which is a coordinate-independent 
concept. Specifically, for Taub's spacetime, this radar distance between two 
static observers Oi and O2 with respective spatial coordinates {x,y,ri) and 
{x,y,r2), as measured by Oi, is given by 



1 



r2 I 

\/-933{r)/goo{r)dr 

ri 



2Vn 



ri-rl\^As{02,0^). (2.11) 



As explicitly displayed, this radar distance is not symmetric, a feature which 
already happens to Rindler's observers in Minkowski spacetime and is due 
to the relativity of the simultaneity for the different instantaneous inertial 
frames attached to each observer. We also notice that, as the radial coordi- 
nate distance Ar{0i,02) := \r2 — ri\ increases, so does the radar distance. 



This result will be used in Sec. p.4| to show that free particles are "repelled" 
from the singularity. 



2.4 Geodesies 

The Lagrangian for the geodesies of metric 

■1 . 



21) is 



-t' 



(2.12) 



where a dot denotes a derivative with respect to an affine parameter r (the 
proper time, for timelike geodesies). We have exactly three linearly indepen- 
dent Killing vector fields, so that the corresponding canonical momenta are 
conserved: 



r 

r'^x =: 



= const > 0, 
= const, 



(2.13) 
(2.14) 
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r'^ij =: Py = const. (2.15) 

Furthermore, the invariance of the character of the geodesic {2C = e : = 
or +1, for null or timelike geodesies, respectively) implies now 

f'^ = E^- V{r), (2.16) 

with 

V{r) := ^ (pj + er^) > (2.17) 

and 



P\\ ■■=pl+Pl- (2.18) 

The motion in the coordinate r is thus reduced to a usual one-dimensional 
problem with the effective potential (|2.17|) and r coordinate acceleration 



^ (3pS + er^) > 0. (2.19) 



From either (|2.16|) - (|2.18|) or ( p.l8| ),( prT9D , we see that we have two quali- 



tatively distinct cases, according to the mass and\or the initial conditions 
of the test particle: (a) massless particles in purely "perpendicular" motion 
(e = p|| = 0); (b) massive particles (e = 1) or massless particles in "trans- 
verse" motion (e = 7^ p\\). Case (a) implies V{r) = 0, f = 0. These null 
geodesies do attain the singularity. Case (b) implies V{r) +00, r +00 
when r — * 0+ and V{r-) 0+, r ^ 0+ when r — ^ +cxo. These geodesies can 
never attain the singularity. 

In fact, all massive geodesic particles or even generic {p\\ 7^ 0) massless 
geodesic particles are repelled from the singularity as described by the static 
observers r = const. This is clear from the following. As shown at the end 
of Sec. |2.1j , the static observers are at rest with respect to each other and 
with respect to the singularity. Since the r coordinate for a geodesic particle 
eventually increases without bound, it will cross the static observers reced- 
ing further and further away from the singularity. Furthermore, a geodesic 
particle initially at rest will be displaced to increasing values of r, as can 
be derived from (|2.19|) . This implies that, relative to the static observers, a 



geodesic particle is accelerated away from the singularity. This description 
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is consistent with the negative mass interpretation for the sources of Taub's 
spacetime, as discussed at the end of this subsection, in the Appendix and 
in Sec. |. 

Case (a) above can be further examined by the trivial integration of (|2.16|) , 
taking into account that V{r) =0: 

^C^^ ^ I '"(o) + Et, for -Ti^q^/E <t < +00; (outgoing) ,^ ^g) 

1 r(o) — Et, for —00 < r < +r(o)/-E'; (incoming). 

Here we have chosen the initial condition r(o) := r(r = 0). Replacing ( p.20| ) 
into ( p.l3| ) , ( p.l4|) and (|2.15|) allows us to determine the remaining parametric 



equations of these geodesies: 

^ I '^(o)^^ + ^E^T^, for -r(o)/^ < r < +00; (outgoing) ,^ 
1 r(Q-)ET — ^E'^t'^ , for — 00 < r < +r(o)/-E; (incoming); 

x(r)=X(o); (2.22) 
l/(r)=Z/(o), (2.23) 

with the choice t(r = 0) = 0. These null geodesies may reach the boundaries 
r = +CXO (to be defined in Sec. |^), but, as we see from ( |2.20| ), they take an 
infinite interval of affine parameter to reach them. 

The case of massive particles (e = 1) in purely "perpendicular" motion 
(pil = 0) is also easily dealt with as regards the (inverse) parametric equation 
of motion for the coordinate r, leading to 

±EV(r) = E^(E^r - 1) r + Arc cosh (/Er) 

-E^(E^ro - l)ro - Arc cosh (^VEvo) , (2.24) 

where, again, Tq := r(r = 0) and the + sign corresponds to the outgoing 
motion and the — sign to the incoming one. These results will be useful 
presently (cf. Sees. ^and^). 

To further interpret the model, let us now calculate, from the geodesic 
deviation equation, the relative acceleration between two geodesies at in- 
stantaneous rest with respect to the singularity (x \o= y \o= r \o= 0). We 
find 



Dr2 



0, 
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2^A 



2r 



2^3 



(^=1,2), 



(2.25) 



Note that the signs in the above equations are the opposite of the corre- 
sponding ones in the Schwarzschild spacetime. Thus, a set of two freely 
faUing particles released from rest (as just described above) may behave in 
two characteristic ways: (a) if their initial spatial positions have equal x and 
y but different r, their relative distance will instantaneously decrease, while 
being repelled from the singularity; (b) if their initial spatial positions have 
equal r but different x and/or y, their relative distance will instantaneously 
increase, while being repelled from the singularity again. Contrary to the 
case of the curvature field being spatially homogeneous (independent of r), 
as occurs in the Newtonian theory for the gravitational field g, the plane 
symmetry of the metric field does not imply homogeneity (neither in the 
metric nor the curvature fields): analogous space-time measurements (such 
as those for the geodesic deviation) at events with different r coordinates 
furnish distinct results. 



2.5 Parametric limits 

Some intuition on the nature of the source (singularity) of Taub's (global) 
spacetime might also be expected to arise from a study of the families of 
metrics to which it belongs. The problem with this argument is twofold: 
(i) a given metric may be a parametric limit of several disjoint families of 
metrics, (ii) a given family of metrics may have different limits, for the same 
limiting values of its parameters, when the limiting process is carried out in 



different coordinate systems. This has been first pointed out by Geroch[|13 
who presented Schwarzschild's metric in three different coordinate systems, 
such that, as the mass tends to +oo, the limiting result is either singular, 
Minkowski's metric or Kasner's (spatially homogeneous) metric. Due to the 
resemblance between Kasner's and Taub's metrics, one naturally wonders 
whether the latter is also a limit of the Schwarzschild family of metrics as the 
mass tends to -|-oo; the answer, however, is negative, since the only Petrov 
type D such limits are Minkowski's and Kasner's (spatially homogeneous) 
spacetimes|]Tl]. Still, coordinate systems exist, for this Schwarzschild family 
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of metrics, such that, now in the hmit m — >■ —oo, one ends up with Taub's 
metric & 15 1. In the Appendix, we analyze a generahzed Schwarzschild family 



of metrics, which family is closed in the sense of Geroch |]T^. This analysis is 
carried out by means of Cartan scalars, which characterize a given geometry 
independently of coordinate systems, and the above results are explicitly 
derived in an invariat way and also cast in a wider context. 

It is expedient to mention here some other families to which Taub's 
metric belongs. First, we have two subfamilies of Weyl's static vacuum 
metrics[P]: the Levi-Civita metrics and the Parnovski-Papadopoulos met- 
rics. Then we have the generalized Kasner metrics [^]. Finally, also the 
Robinson- Trautman vacuum solutions |lO] and the Kerr-Schild solutions flO 



3 Asymptotic structure and the weak field 
limit 

In this section, we introduce coordinate systems which render explicit the 
null boundary structure of the spacetime and also characterize a weak field 
limit to Taub's geometry. 

Let us consider the static plane-symmetric Taub metric in the form 

dsl = -df - rdr^ - r^(dx^ + dy^) (3.1) 
r 

(0 < r < oo) and introduce in the manifold of ( p.l| ) the Kruskal-type coordi- 
nate system {u,v,x,y) defined in Table 1. 

In this coordinate system, the metric ( |3.1| ) assumes the form 

^^2^ ^ 2V2{du' - dv') ^ 21n(t;2 - u'){dx' + dy') (3.2) 

(f2 — v?)J— ln(t>^ — u^) 

We note that the curvature tensor of ( p.2|) tends continuously to zero as 
v"^ — 0. Asymptotic coordinates may be introduced such that ( |3.2| ) 

becomes regular on — = (cf. Table 1). The boundaries f ^ — = 
are in fact two flat null surfaces at infinity (r = +cxd), which we shall denote 
by J+ and (cf. Fig. p, and correspond to the asymptotically fiat regions 
of the spacetime. 
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If, in we extend the domain of the coordinate rto— oo<r<cxD, 

the resulting manifold of the geometry is the union of a Kasner (K) 

spacetime to a Taub (T) spacetime, with the singular locus r = as a 
common boundary. The Kasner spacetime corresponds to the domain — oo < 
r < 0, its singularity r = having now a spacelike character. A typical plane 
{u, v) of Kasner's spacetime is represented in Fig. |^. The metric in K is given 
by 



2 2V2{du^ - dv^ 



dsj^ = ' + 2 \n{u' - v') {dx' + dy^) (3.3) 



Expression ( |3.3|) is obtained by interchanging u and v in the metric compo- 
nents of (^.21). Note that in the K region < — f ^ < 1, and (m, v) are still 
timelike and spacelike coordinates, respectively. 

A further coordinate system is now introduced (cf. Table 1), which will be 
useful in examining the asymptotic form of Taub's metric. In the coordinate 
system (/x, z/, x, y), Taub's geometry ( p.2|) assumes the form 



dsl = _ 2(/i + iy)idx^ + dy') (3.4) 



and Kasner's geometry ( p.3| ) becomes. 



2 2\^diidu 



dsi = -^^^^ - 2{ij + u){dx' + dy') (3.5) 



The null infinities of Taub's geometry are now expressed by 

J+ : fi ^ oo 
J~ : z/ ^ oo 



(3.6) 



and analogously for Kasner's geometry. The diagrams of Fig. |^ make explicit 
the relation between the {u, v) and (/x, z/) coordinates. 

Although we have introduced coordinate systems (cf. Table |l]) where the 
asymptotic boundaries of Taub's geometry are characterized and explicitly 
exhibited (the two flat null infinities and J~, and the spatial infinity i°), 
the metric in these coordinate systems is not well defined in the boundaries. 
In order to give a regular expression for Taub's metric in a neighborhood of 
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the boundaries and J^, we therefore introduce two new sets of asymptotic 
coordinates (cf. Table 1). 
We rewrite (|3.4|) as 



= r - T^ni + ^T^){dx + dy ) (3.7) 

Near J"*" we have 4z//,^^ ^ 0, and we may expand the above hne element as 

dsl ^ dsli + h (3.8) 



where 



and 



ds]^ = -2V2d^du - l^^idx^ + dy^) (3.9) 



4^2, 



1/ 



h = ^^^d^du - 2u{dx^ + dy^) (3.10) 

We note that the line element ds\.j is the Minkowski one in coordinates 
= {^)^)^)y)- Indeed, let us realize a further coordinate transformation 
(cf. Table 1), which casts ds\^ into the form 

dslj = -d^dN - {dX^ + dY^) (3.11) 

and all components of h in this new coordinate system are at least 0(1/^^), 
as well as its first and second derivatives. Therefore, in the coordinate system 
(^, A^, X, Y) the metric near J+ is regular, as well as its first and second order 
derivatives, and differ from the Minkowski metric by a small perturbation h 
which tends to zero as ^ — oo. 

An analogous expansion may be realized in a neighborhood of : u ^ 
oo. This may be obtained from the expressions of the above paragraph by 
the obvious substitution z/ ^ /i. 

We can now discuss the weak field limit for Taub's geometry. Equation 
( |3.11|) suggests the introduction of a Cartesian coordinate system at infinity, 
namely, (T, Z, X, Y), defined in Table 1. Thus, when z ^ oo for finite T, we 
have ^ ^ oo and — > oo, with N/C,"^ 0. Therefore, the region described 
by Z — > oo for finite T is a neighborhood of the spatial infinity of Fig. |T[ 
The asymptotic expression of Taub's metric (for X and Y finite) is then 

dsl = dT^ - dX" - dY' -dZ^ + ^ {^-{dZ^ - dT^) - dX^ - dY^^ , (3.12) 
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and, in a neighborhood of the spatial infinity i°, ( p.l2| ) reduces to 

dsl = (1 - 2/Z){dT^ - dZ^) - (1 + AlZ){dX^ + dY^) (3.13) 

A Newtonian-like potential at is then given by 

= -l/Z. (3.14) 

If we choose a plane Z = Zq in a neighbor hhod of we can expand ( p.l4| ) 
about Zq as 

= -l/iZo + -(l/^o)(l - (/Zo) (3.15) 

Then, near the plane Z = Zq, we have a homogeneous field orthogonal to Zq 
with strength 1/Zq, for all (X, F) finite. 

This configuration of the gravitational field (in a neighborhood of i^) is 
the nearest to a homogeneous gravitational field we may achieve in the static 
plane-symmetric Taub geometry. In the past literature, this problem of the 
nonrelativistic limit to a static plane-symmetric metric was considered in 
Sec. IV]. The treatment there is, however, incomplete: a coordinate system 
is introduced where Taub's metric is put in the form ds"^ = ds\j + h, where 
h is a. small (in a specific region) deviation of the Minkowski metric, ds\j. 
Nevertheless, the connection and curvature tensor components are not small 
(of the order of h) in that region, unless he specifies that g —>■ 0, thus fixing 
the asymptotic region {z —>■ +oo) as the region of true nonrelativistic limit; in 
this case, the above coordinate system is well defined only in the asymptotic 
region (cf. |^ Eq. (12)]). Furthermore, since Taub's metric has no essential 
free parameter in it, there simply does not exist a quantity which would play 
the role of the mass density of the source. 

4 Matching and shell 

We now implement a mirror- symmetric junction of two Taub domains by 
means of a negative mass shell, in order to show that Taub's original space- 
time (|2.1|) may be naturally viewed as the limit of this matched one as the 
surface energy density of the shell approaches —oo. To this end, we shall 
take advantage of Israel's shell formalism |T^, following all his conventions 
inclusively; in particular, the signature of the metric, in this section, is +2. 
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The four-dimensional manifolds and will be taken as Taub do- 
mains; specifically, := {(x") : z+ > A > 0} and V~ := {(x") : z_ < 
—A < 0}, that is V'^ is "on the right side" of the original Taub singularity and 
V~ is "on its left side". We are assuming that the t,z = const surfaces have 
the topology of a plane (R^) and we can thus assign to the symmetry z —z 
a natural meaningful interpretation as a mirror or specular symmetry. This 
interpretation seems to be unwarranted for other choices of topology of the 
t,z = const surfaces (cf. Sec. |^). 

The timelike hypersurfaces of junction S"*" and S~ are characterized by 
the equations F+{x'^) := — A = and := z^ + A = 0, with 

A > O.The induced 3-metrics on S+ and are [cf. identical: 

dsl |e+= -A-^/'dtl + A^l^ (dx\ + , (4.1) 

thus automatically satisfying the first junction condition. 

The verification of the second junction condition requires the calculation 
of the extrinsic curvatures of S"*" and S~. The unit normal vector to S 
(directed from V~ to F"^) will have components and n", relative to the 
charts and a;", given by 

n% = +6^. (4.2) 

For an intrinsic basis of tangent vectors to S, we will choose three or- 
thonormal vectors {i = 0, 1,2) of components ef^ and e°_, relative to the 
charts and x", given by 

e-^ = \A\'/'6^, = e^^ = \A\-'/'6^. (4.3) 

The extrinsic curvature of a hypersurface with unit normal n" can be 
calculated as 

K,, = ete^n^.fs, (4.4) 

which furnishes 

i^± = ±^diag(l,2,2) (4.5) 

Lanczos equation [0, •jij — gij'j^ = —Sij, where := — K- 



IS 

the jump in the extrinsic curvature, then determines the surface energy- 
momentum tensor of a shell: 

= ^diag(-4,l,l). (4.6) 
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Thus, if we suppose the shell is a perfect fluid one, with proper four-velocity 



\A\'/X, (4.7) 



we are forced to recognize that it has a negative surface energy density. 
Furthermore, as A approaches 0, thus realizing the matching ever closer 
to the original Taub singularity, we are naturally lead to interpreting it as 
an infinite uniform plane distribution of negative diverging surface energy 
density. This interpretation is consistent with the repulsion of geodesies 
found in Sec. |2.4| and the limit for infinite negative mass. 



5 Discussion 

In this paper, we carried out an extensive investigation of the local and 
global properties of Taub's (static) geometry, and by extension, of Kasner's 
(spatially homogeneous) geometry. First, we studied the geodesic motion, 
by using the method of the effective potential. We showed, in a manifestly 
coordinate- independent way, that massive (e = 1) free particles eventually re- 
cede from the singular locus, no matter what initial conditions are attributed 
to them. Only massless (e = 0) particles can attain the singularity, even so 
provided their motion is purely "perpendicular" {p\\ = 0). This enlarges upon 
some results in the literature 0. Second, we showed that Taub's metric is one 
of the limits of a family of Schwarzschild's spacetimes, which is closed in the 



sense of Geroch[13|. This limit corresponds to the mass parameter approach- 
ing infinitely negative values. This analysis is carried out by means of Cartan 
scalars, which characterize in an invariant way a given geometry. Third, we 
built several new plane-symmetric models, by conveniently matching Taub, 
Rindler (Minkowski) and Kasner domains. Fourth, we also uncovered the 
asymptotic structure (null, timelike and spacelike infinities) of Taub's solu- 
tion. Fifth, we obtained the complete weak field limit in asymptotically flat 
regions, proving that, at spatial infinity, we may have a nonrelativistic ap- 
proximately homogeneous configuration; however, this cannot be associated 
to a truly Newtonian limit due to the absence of any essential parameters 
which could be related to the mass density of the source or, in other words, 
Taub's solution is a single one, not a family of solutions (like Schwarzschild's 
one, for instance). We will now take the opportunity to make some generic 
comments on related current literature. 
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In a recent paper 0, Bonnor discusses the difficulties which arise in the 
interpretation of the solutions of Einstein's field equations, due to the co- 
ordinate freedom to describe the metric. Although we agree with this gen- 
eral idea of his papers, we do not believe that his preferred (semi-infinite 
line mass) interpretation of Taub's vacuum static plane symmetric metric is 
the only tenable one. Indeed, locally isometric manifolds can be extended 
to global manifolds with distinct topological properties; this extension can- 
not be fixed by purely local (in a given coordinate system) considerations 
(isometrics, geodesies, etc.), which are doomed to inconclusiveness. For in- 
stance, the t,z = const flat maximally symmetric surfaces of ( p.l| ) can be 
conceived of as immersed in either as topological planes or topological 
cylinders, which are, of course, locally indistinguishable. What does really 
seems promising, from the physical point of view, to settle the issue of in- 
terpretation is the realization of experiments which probe the large-scale 
structure of the spacetime. Another criterion, one of simplicity, we have 
advanced is the mirror- symmetric matching of Sec. which reproduces the 
global Taub solution in the limit of infinitely negative surface energy density 
of the plane shell. In short, it seems to us that the nature of the source, 
from a purely mathematical point of view, is a matter of consistent choice of 
topology. 

We should not conclude without recalling an elegant heuristic argument of 



Vilenkin||18||, which might explain the unreasonableness of looking for a phys- 
ically viable model for an infinite plane of constant positive surface density 
cr. Consider, in the alleged plane, a disk of radius R, which contains the total 
mass M{R) = nR'^a; thus, above a critical radius, given by Rc = l/(27rcr, 
the disk will have more mass than its corresponding Schwarzschild mass, and 
it should collapse (incidentally, the same argument does not hold for a line 
or string!). Of course, compelling as this argument seems, its validity rests 
on, at least, two tacit assumptions: (i) the intrinsic geometry of the plane is 
Euclidean, so that the disk's area is ttR'^, (ii) the hoop conjecture^^^, since 
we are dealing with a nonspherically symmetric system. Vilenkin's argu- 
ment might then explain why all the proposed models in GR for an infinite 
homogeneous plane end up with either a fiat space solution with an appro- 
priate topology or a constant distribution of negative mass. In fact, in the 
literature, there have appeared two distinct proposals for the general rela- 
tivistic problem of a static, infinite, uniformly dense plane. The ffist oneP| 
is locally isometric to Taub's plane-symmetric static vacuum spacetime; the 
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second onepO, pT| is a Rindler domain, locally isometric to the Minkowski 



spacetime. If we insist that a plane massive configuration may exist in GR, 
we must cope with the possibility of negative mass configurations, with an 
exterior solution given by Taub's geometry. 

As a last remark, one might be tempted to consider the models inspected 
in this paper as purely academic ones; however, already in nonquantum grav- 
itational theory, the issue of negative mass has a longstanding history, of 
which a relativistic landmark is afforded by Bondi's classic paper p2[. Also, 



from a quantum point of view, it was early recognized that the weak energy 
condition cannot hold everywhere ||23|| . Nowadays, this result has acquired a 
renewed interest because, besides the already mentioned cosmological interest 
of topological defects[|I|]-0, of its import to the possibility of construction of 
time machines and avoidance of singularities |^ . Thus, the best policy 
seems to be keeping, cum grano salis, an open mind to these exotic models. 
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A Appendix: the generalized Schwarzschild 
family 

We study a two-parameter family of metrics which includes Taub's and Kas- 
ner's ones and its limits when some parameters are taken to be 0, +00 or 



—00, extending the results mentioned in the last paragraph of Subsec. 
The formalism is that of the Cartan scalars, which are the components of the 
Riemann tensor and its covariant derivatives calculated in a constant frame 
and which provide a complete local characterization of spacetimes 
Spinor components are used and the relevant objects here are the Weyl 
spinor and its first and second symmetrized covariant derivatives V'^ab' 
and V^^AB'- SHEEP and CLASSI BO, pi[ were used in the calculations. 
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We shall call "the generalized Schwarzschild family" the vacuum metrics 

ds^ = Adt'-A-'dr^-r^{de^ + K\e)d^^); A = A - ^, (A.l) 

where A and m are constant parameters. In the Lorentz tetrads [tjab = 
diag (+1,-1, -1,-1)) 

^0 = A^/'^dt, = A-^/^dr, ^2 _ ^^0^ 03 ^ ^^.^^^ ^ > 

^0 = (-A)-i/2rfr, = {-Ay/^dt, = rde, = Krdip, a<o 

(A.2) 

the nonvanishing components of the Ricci tensor are R22 = R33 = —r ^ ( A + K^gg / K) . 
It can be easily shown that the curvature scalar of the section t and r con- 
stant is given by 2A/r^. Imposing the vacuum condition, A = —K^^K^gg, 
and using the null tetrads 



the algebraically independent Cartan scalars are 



^2 


m 


V^20' 


3 m ^ 
V2 Iml 


V^31' 


= +V^20' 


V^^20' 


4(V^2oo 
3 ^2 




= +V^^20' 







(A.4) 



4 



2 



|W± Am-3 +2^1 



3t2 

2 ^ 



(the upper and lower signs corresponding to A > and A < 0, respectively) 
where, by using the expression of \l/2 in ( [A.4D , r was eliminated from the 
other Cartan scalars and, by using the resulting expression for V\E'20'; "we 

2 

eliminated Am~3. From this set of Cartan scalars, one infers that the metric 
is Petrov type D, has a one-dimensional isotropy group given by spatial 
rotations on the uj"^ - 00^ plane (i.e., the 6 - ip surface), the isometry group 
has a three-dimensional orbit (note that the coordinates t, 9 and (f) do not 
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appear in the expressions of the Cartan scalars) and, therefore, the isometry 
group is four- dimensional. 

Since K{9) is not present in the Cartan scalars, once A is given and a 
solution for K{9) of the corresponding vacuum condition is found, any other 
solution with the same A can be transformed in this first one by a suit- 
able coordinate transformation. Thus, the line element is determined by the 
values of A and m only. Moreover, since depends on the r coordinate, 
by a suitable coordinate transformation, its dependence on m can be elim- 
inated. Thus, a member of this family of metrics is characterized by the 

2 

sign of m, i.e., m/\m\ and the combination Am~3 of A and m. Therefore, 
one can always make a coordinate transformation such that A becomes 1, 
or —1 and K = sin 6, 1 or sinh^, respectively. Accordingly, the generalized 
Schwarzschild family may be divided into the following sub-families: 

1 and K{e) 



1) A > 



One can make A = 1 and K(9) = sin 6', corresponding to the 
Schwarzschild line element with —oo<m<oo. 

One can make A = — 1 and K{6) = sinh^^. This we shall call 
the anti-Schwarzschild line element with — oo < m < oo. 
One can make K 



3) A = 



1. The factor Am 3 becomes zero. There- 
fore the only parameter is the sign of m and its absolute value can always be 
made equal to 1/2 (for m = the line element becomes singular). 

1/2 leading to a single metric. 



3a) A = and m > 



namely Kasner's one. 



One can make m 
3]). From ( [A.4| ), the Cartan scalars are 



^2 



20' 



1 

'2r3 ' 



20' 



3^1, 



31' 



V^31' = 
: -27^2 
2 2' 



V^20^ 



42' 



(A.5) 



20' 



3b) A = and m < 



ric, namely Taub's one. 



One can make m = —1/2 leading to a single met- 
2[). From ( |A.4|) , the Cartan scalars are 



^2 — 

V2^20' = 



20' 



12^1 



-3^1, 

31' = 



V^31' 
-27^2 
2 2' 



V2^'42/ 



20'; 



(A.6) 



20' 



The last two line elements are special cases of the Kasner-type metric 



E 

(«2, 

ai = 



et^'^^dt^ - et^^^dx^ - t^^arfy^ _ t^<^i(iz^, where 02 03 + 04 = ai + 1, 



+ ('^3)^ + (04)^ = (o-i + 1)^ and e = ±1. To recover ( |A.5| ) we may choose 



2' 



02 



03 = 04 = 1 and e = +1; and to recover (|A.6|) we may 



choose ai = 2, a2 = —i^, 03 = 04 = 1 and e = —1. 
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Therefore, the generahzed Schwarzschild family ( |A.1| ) may be divided 
into two one-parameter famihes, namely the Schwarzschild family and the 
ant i- Schwarzschild family plus the Kasner metric (p^.5D and the Taub metric 



(|2.2|) . The analysis of the Cartan scalars shows some interesting features of 
the parameters and functions appearing in the original line element ( [A.l|) . As 



concerns Taub's metric, we showed that it is a particular case of the gener- 
alized Schwarzschild family with A = and m < 0. Although the parameter 
m is still arbitrary, it can be absorbed away by a coordinate transformation 
and Taub's geometry is thus independent of parameters: it is a single solu- 
tion, not a family. A consequence of this fact emerges in the weak field limit 
(|3.14|) , which has no essential parameter. 

From the Cartan scalars ( [A. 41 ), we see that, as m — > ±oo, the limits 
depend only on the sign of m and not on A, therefore the Schwarzschild and 
the anti-Schwarzschild families have the same limits. The limiting procedure 
we adopt is that of [0, where we choose limits for and find the limits of 
the other Cartan scalars. The possible limits for are (i) 0, (ii) a nonzero 
constant and (iii) an arbitrary function of the coordinates, (i) If 0, 
then all Cartan scalars (|A.4|) tend to zero, therefore both families tend to 



Minkowski spacetime (which is Petrov type 0). (ii) As discussed by [14 
Petrov type D metrics cannot have constant while the other components 
of the Weyl spinor are zero, (iii) If ^^2 tends to an arbitrary function of the 
coordinates, then as m — >■ -foo both families tend to the Kasner metric (|2.5| ) 
and as m — i> — oo both families tend to the Taub (|2.2| ) as can be easily seen 
comparing the the Cartan scalars obtained in the limit with those of Kasner 
([A.5|) and Taub ( |A.6| ). As discussed in |l^, different functional forms of the 
limit of \E'2 do not lead to different limits, since coordinate transformations 
can take one form to the others. This analysis covers all Petrov type D and 
limits. 



Geroch |T3[ introduced the concept of a closed family of metrics, i.e., a 
family that contains all its limits. Considering the family of metrics defined 
by ([A.l| ), we can say that it is closed under Petrov type D and limits as m 
tends to +oo or — oo. 

As a matter of completeness, we mention that the limits of the generalized 
Schwarzschild family as A — * and m > or m < are exactly the same 
as the limits as m — ±oo. This can be easily seen from the Cartan scalars 
([A.4|) , noting specially the expression of V\E'20'- 
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Table and its caption 



coord. 



definition 



range 



geometrical loci 



tzxy 



0< z < 



-oo 



* : z 







trxy 



(3^/2) 



< r < +00 



* : r 







3-"'/Sinh(t/2) 
-'■'/4cosh(t/2) 



uvxy 



u 



V — e 



<v < +00 
0<v^ -u^ <1 



* : — V? = 1 
J+ : -y = +1^ 7^ 
J- : v^-u^Q 
io : u = 0, V = O4 



fxuxy 



/X = — ln(t; — m) 
= — ln(t' + u) 



0<{pL + u)< +00 



* : /i + z/ = 

: 11 ^ +00, 1/ finite 
J~ : — > +00, /X finite 
io : (a* ^ +00, ^ +00) 



ivxy 



C = > 



< ^ < +00 



^NXY 



X = ^x,Y = ^y 
N = u- ^{x^ + y^) 



TZXY 



Z 

T 



(iV + 0/2 

(A— 0/2 



Table 1: Coordinate systems used for Taub metric in this paper. Homony- 
mous coordinates may differ by a constant and unspecified ranges are 
(—00, +00). An * in the fourth column means the singularity. The last two 
coordinate systems are meaningful only in the asymptotic region. For the 
Kasner metric, we interchange u and v in the table; the point {u = 0+, v = 0) 
for the Kasner domain now represents the future timelike infinity i^, instead 
of Replicas of these spacetimes (K and T) in the {u,v) plane can be 
obtained by changing {u,v) — > {—u, —v). 
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Figure captions 



Figure 1: The Taub spacetime, (|3.2|), with two coordinates {x,y) suppressed. 
Each point of the diagram corresponds to a 2-dim spacehke plane. The 
spacetime manifold is the quasi-compact region of the (m, v) plane bounded 
by the timelike singularity v"^ — u"^ = 1, the null boundaries and J~ , and 
the spatial infinity z° {u = 0,v = 0+). The null geodesies (with p\\ =0) are 
forty-five degrees straight lines. With respect to the metric (|3^ ) u and v are 
timelike and spacelike coordinates, respectively. 



Figure 2: The Kasner spacetime, (|3.3|), with coordinates {x,y) suppressed. 
The future flat null infinities J+ correspond to — v"^ = 0. The {u,v) 
coordinates are now related to the {t, r) coordinates of with — oo < r < 
hj u = /(r) cosh(t/2), v = /(r) sinh(t/2), in order that {u,v) have timelike 
and spacelike character, respectively. The future timelike infinity is the 
point {u = 0+,v = 0). 



Figure 3: The relation between the {u,v) and (/i, z/) coordinates. The gray 
region of (b) corresponds to the gray T region in (a) bounded by the fiat null 
infinities and J~ , the null surfaces z/ = and /i = plus the singular 
point fi = = u. Coordinate systems may be introduced such that on 
the null surfaces fi = and u = the metrics ds^ and ds"^ have the form 
of Minkowski metric in Cartesian coordinates, except at the singular point 
fi = = u. 
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V 



® 



11 + V = 

(singularity) 



